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ABSTRACT

The inverse problem. which we consider is to determine the shape of two-dimensional
open screen from the knowledge of the field on a curve for the electromagnetic plane
waves scattering.

Prof. R. Kress in his papers has proposed to reconstruct the scatterer’s - shape from the
knowledge of the far field pattern [1-2]. We extend this approach to the inverse problem
of determining the shape of a two-dimensional open scatterer from the knowledge of the
scattered field on a curve. In particular. we investigate the Frechet differentiability of a
field operator for scattering from an open screen with the boundary as prerequisite for
the theoretical foundation of the gradient methods or Newton type methods for the
approximate solution of this nonlinear and improperly posed problem.

The aim of this paper is to provide a proof for Frechet differentiability with respect to
the boundary of an operator, which maps the boundary of an open screen onto the
scattered field and to obtain expression of this derivatives.

STATEMENT OF THE PROBLEM

We consider the scattering of time-harmonic electromagnetic plane waves by a thin

infinitely long cylindrical screen with a cross which is section described by an arc

le R’ class C3[a.b], Le. [ = {(x,f(x)): X€ [a.b]} where f(x) is an injective and three

continuously differentiable function. The inverse problem consists in determination the

shape of the screen from the knowledge of the field on curve S. Mathematically this

problem can be interpreted as the solution with respect to /of a system operator
. equation

[j(sYH D (kr)ds' = g(z). zes,

/ (1
[ sV (ke )ds” = u(z). zel
I

Here, z = {x,y} - any point of R? s’ - arc abscissa of a point z’ = {x’,y’} of the contour
I, HY(x) - Hankel function of zero order and of the first kind, g(z) - the given
function on curve S and 7(s) - a value of the incident field at the points of curve /.
Let F the operator that maps a description f (x) of some admissible scatterer onto the
corresponding scattered field g(z),z € S. In terms of this operator the inverse problem
consists in solution of the nonlinear and ill-posed equation for the function f,
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Ff=g (2)
where g(z) is a (measured) scattered field.

In order to use Newton’s method for the approximate solution of (2) it is necessary to
establish the differentiability of operator F' with respect to / .

TECHNIQUE OF SOLUTION

To obtain characterizations of the derivatives we use a method, which is based on the
classical theory of boundary integral operators [3]. From (1) we obtain

F =SK™'Ri.

Here
K: C(O'“)(I):> C(l’“)(l), K((p;l)s j(p(s')l)(z,z')ds', zel;
!
S:CN) = C}G), Slosl)= I(p(s’)d)(z,z’)ds’, zeG;
!

R:C*(R?)= (1), R(wl)=u

]

Hy'(kr)

,[ls'—z,“s'—z_]
domain of R* for which G NI =@.
The first step of the proof of a differentiability of the operator F consists in establishing

that the mapping f = K is Frechet differentiable from C 3[a,b] into the space of
bounded linear operators L(C Ot [a,b],C L [a,b]) and that the derivative is given by
h=>K (-; f ,h), where K (-; f ,h) denotes the integral operator

with ®(z,z')=

, where z; and z_; are extremities of the arc /,G is any

Ko fnf)=T 20 (xn) k(e e

alc —a)e -b)

with

b (e )= k0o, 1, ()LL) e,

Yy

bwe)= 1O, ) L)

J, ()
!
In the second step of the proof it is shown that mapping f = S is Frechet differentiable
from C°[a,b] into the space of bounded linear operators L(CO’“ [a,b],Cz[G]) and that
the derivative is given by 7= § ’(-; f ,h), where S (-; f ,h) denotes the integral operator

S’((p;f,h)(x): I] \( _(pa(;() _b)| [Sl(h;x,’t)+ s, (hyx,0)dr

with
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s,(hix,t)= —kH,“)(kr)J_, (x )y_—‘rf(dh(t ). s, (hx1)=H"(kr) ‘]/',((z))h’(r ).

It is easily to convinced, that f:>R(-;f) is Frechet differentiable one with the
derivative R'(u; f,h)= u, (x, f(x)h(x).

In the third step using the chain rule we finally obtain the Frechet differentiability of F .
The derivative is given by

F'(f =S fh)+S(K (K@ S h) S ) f)+S0:1)

where & =K "(R@:f)f). ¢,=K'(R(@ f.h).f) For the actual numerical
computation of the Frechet derivative of the operator F at first we determine ¢, ( ) by
solving the integral equation

h

= 5 =5y e 1 e =BG/,

Further, we have to solve the integral equation

O LA G I

and at last we compute a sum
F'(f ) =S":.f h)+S: 7).
Hence, for numerical computation of the Frechet derivative it is necessary to solve two

singular integral equations of the same type. The numerical methods for solving of such
equations are known [4].
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